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Introduction 



Studying Finsler geometry one encounters substantial difficulties trying to seek ana- 
logues of classical global, or sometimes even local, results of Riemannian geometry. These 
difficulties arise mainly from the fact that in Finsler geometry all geometric objects depend 
not only on positional coordinates, as in Riemannian geometry, but also on directional 
arguments. 

The infinitesimal transformations in Riemannian and Finsler geometries are impor- 
tant, not only in differential geometry, but also in application to other branches of science, 
especially in the process of geometrization of physical theories. 

The theory of conformal changes in Riemannian geometry has been deeply studied 
(locally and intrinsically) by many authors. As regards to Finsler geometry, an almost 
complete local theory of conformal changes has been established ([I], [BJ, [TJ, [5], [H], [TTj . 
H2], , ..-.etc.). 

In [13], we investigated intrinsically conformal changes in Finsler geometry, where 
we got, among other results, a characterization of conformal changes. Also the confor- 
mal change of Barthel connection and its curvature tensor were studied. Moreover, the 
conformal changes of Cartan and Berwald connections as well as their curvature tensors, 
were obtained. 

The present paper is a continuation of [13] where we present an intrinsic theory of 
conformal changes of special Finsler spaces. Moreover, we study the conformal change of 
Chern and Hashiguchi connections 

The paper consists of two parts preceded by an introductory section (§1), which 
provides a brief account of the basic definitions and concepts necessary for this work. 

In the first part (§2), the conformal change of Chern and Hashiguchi connections, as 
well as their curvature tensors, are given. 

In the second part (§3), we provide an intrinsic investigation of the conformal change 
of the most important special Finsler spaces, namely, C h -recurrent, C-recurrent, C°- 
recurrent, S^-recurrent, P*-manifold, i?3-like, Finsler manifold of p-scalar curvature and 
of s-ps-curvature, • • ■ , etc. Moreover, we obtain necessary and sufficient conditions for 
such special Finsler manifolds to be invariant under a conformal change. 

Finally, it should be noted that the present work is formulated in a prospective 
modern coordinate-free form, without being trapped into the complications of indices. 
However, some important results of [BJ, [5], [S] and others (obtained in local coordinates) 
are immediately derived from the obtained global results (when localized). 

1. Notation and Preliminaries 

In this section, we give a brief account of the basic concepts of the pullback approach 
to global Finsler geometry necessary for this work. For more detail, we refer to [2], [3] 
and [13]. We assume that all geometric objects treated are of class C°°. The following 
notations are to be used throughout this paper: 

M: a real paracompact different iable manifold of finite dimension n and of class C°°, 
$(M): the M-algebra of differentiable functions on M, 
X(M): the ^(M)-module of vector fields on M, 
7T M : TM — ► M: the tangent bundle of M, 
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ir* M :T*M — > M: the cotangent bundle of M, 

7r : TM — > M : the subbundle of nonzero vectors tangent to M, 

V(TM): the vertical subbundle of the bundle TTM, 

P : Ti- 1 (TM) — > TM: the pullback of the tangent bundle TM by tt, 

P* : -k- x {T*M) — >TM: the pullback of the cotangent bundle T*M by tt, 

X(tt(M)): the £(TM)-module of differentiable sections of tc~ 1 (TM), 

£*(tt(M)): the ^(TM)-module of differentiable sections of ir~\T*M), 

ix' the interior product with respect to X E X(M), 

df: the exterior derivative of f E $(M), 

d-L '■= d], ii being the interior derivative with respect to a vector form L. 

Elements of X(tt(M)) will be called 7r-vector fields and will be denoted by barred 
letters X. Tensor fields on 7r~ 1 (TM) will be called 7r-tensor fields. The fundamental 
tt- vector field is the 7r-vector field fj defined by fj(u) = (u, u) for all u E TM. 

We have the following short exact sequence of vector bundles 

— ► ix- l (TM) T(TM) tt~ 1 (TM) — > 0, 

where the bundle morphisms p and 7 are defined respectively by p := {^TM-,dn) and 
j{u,v) := j u (v), j u being the natural isomorphism j u : T niiliu) M — > T u (T nM{u) M). The 
vector 1-form J on TM defined by J := 70^ is called the natural almost tangent structure 
of TM. The vertical vector field C on TM defined by C := 7 o fj is called the canonical or 
Liouville vector field. 

Let D be a linear connection (or simply a connection) on the pullback bundle tt~ 1 (TM). 
The map 

K : TTM — ► n~ l (TM) : X i — ► D x fj 

is called the connection map or the deflection map associated with D. A tangent vector 
X E T U (TM) is said to be horizontal if K(X) = 0. The vector space H U (TM) of the 
horizontal vectors at u E TM is called the horizontal space of M at u. The connection 
D is said to be regular if 

T U (TM) = V U (TM) © H U (TM) Vw E TM. (1.1) 

If M is endowed with a regular connection D, then the maps 

7 : 7T~ 1 (TM) — ► V{TM), 
p\ H( TM) ■■ H(TM) — n-\TM), 
K\ V (tm) : V(TM) — > 7r _1 (TM ) 

are vector bundle isomorphisms. Let /3 := (p|h(ta/))~ 1 , called the horizontal map associ- 
ated with D, then 

a -a a / id H(TM) on H{TM) 

The (classical) torsion tensor T of the connection D is given by 

T(X, Y) = D xP Y - D Y pX -p[X,Y] V X,Y E 3L(TM) , 

from which the horizontal or (h)h-torsion tensor Q and the mixed or (h)hv-torsion tensor 
T are defined respectively by 
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Q(X,Y)=T(PXPY), T{X,Y) =T( 7 X,/3Y) VX, y e X(tt(M)). 
The (classical) curvature tensor K of the connection D is given by 

K(X, Y)pZ = -D x D Y pZ + D Y D xP Z + D [x>Y ]pZ VX,Y,Z G I(TM), 

from which the horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors, denoted 
by R, P and S respectively, are defined by 

R(X, Y jZ = K(0X0Y)Z, P(X, Y)Z = K(f3X, j?)Z, S(X, Y)Z = K( 7 Z, 7 F)Z. 

The contracted curvature tensors R, P and S, also known as the (v)h-, (v)hv- and (v)v- 
torsion tensors, are defined by 

R(X, F) = R(X, Y)rJ, P(X, Y) = P(X, Y)rJ, S(X, Y) = S(X, Y)rj. 

If M is endowed with a metric g on 7r~ 1 (TM), we write 

R(X,Y,Z,W) :=g(R(X,Y)Z,W),-- - , S(X,Y,Z,W) := g(S(X,Y)Z,W). (1.3) 

On a Finsler manifold (M, L), there are canonically associated four linear connec- 
tions on 7r~ 1 (TM) [T7j: the Cartan connection V, the Chern (Rund) connection D c , the 
Hashiguchi connection D* and the Berwald connection D°. Each of these connections is 
regular with (h)hv-torsion T satisfying T(0X,0r]) = 0. 

Definition 1.1. Let (M, L) be a Finsler manifold and g the Finsler metric defined by L. 
Let T be the (h)hv-torsion tensor and S, P, R are the v-, hv- and h-curvature tensors 
associated with the Cartan connection V. We define 



£(X) 

h 

T(X,Y,Z) 
C(X) 

g(C,x) 

Ric v (X,Y) 
Ric h (X,Y) 
g(Ric v (X),Y) 
g(Ric h (X),Y) 
Sc v 
Sc h 



L-'giX,^), 

g — i <g) £ : the angular metric tensor, 

g(T(X ,y), Z) : the Cartan tensor, 

Tr{Y i — > T(X,Y)} : the contracted torsion, 

C(X) : C is the tt -vector field associated with the n-form C, by duality, 

Tr{Z i — > S(X, Z)Y} : the vertical Ricci tensor, 

Tr{Z i — ► R(X, Z)Y} : the horizontal Ricci tensor, 

Ric v (X , y) : the vertical Ricci map Ric v , 

Ric h (X , y) : the horizontal Ricci map Ric^, 

Tr{0X i — ► Ric^0X} : the vertical scalar curvature, 

Tr{0X i — ► Ric^{0X)} : the horizontal scalar curvatures. 



The following two results [T7] give an explicit expression for each of the Berwald, 
Chern and Hashiguchi connections in terms of the Cartan connection V. 

Theorem 1.2. The Chern connection D c is given, in terms of Cartan connection, by 

D X Y = V X Y - T(KX,Y) = D° X Y - P(pX,¥). 
In particular, we have 



(a) D^Y = V, x y - T(X, Y) = D^Y 



yX 
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(b) D^Y = V^Y = DfaY - P(X, Y). 

Theorem 1.3. The Hashiguchi connection D* is given, in terms of Cartan connection, by 

D* X Y = V X Y + P(pX, Y) = D° X Y + T(KX, F) . 
In particular, we have 

(a) d; x F = v 7T F = d; y Y + t(x, F) . 

(b) d; y Y = v^F + P(x, F) = d^y. 

Now, we give some concepts and results concerning the Klein-Grifone approach to 
intrinsic Finsler geometry. For more details, we refer to pE], [2] and [10] . 

Proposition 1.4. Let (M,L) be a Finsler manifold. The vector field G on TM defined 
by i G Q = —dE is a spray, where E := \L? is the energy function and Q := ddjE. Such 
a spray is called the canonical spray. 

A nonlinear connection on M is a vector 1-form T on TM, C°° on TM, such that 
jr = J, TJ = — J. The horizontal and vertical projectors associated with T are defined 
by h := |(/ + r) and v := ^(I—T) respectively. The torsion and curvature of T are defined 
by t := | [J, r] and ![H := — h] respectively. A nonlinear connection T is homogenous 
if [C, r] = 0. It is conservative if d^E = 0. 

Theorem 1.5. On a Finsler manifold (M, L), there exists a unique conservative homoge- 
nous nonlinear connection with zero torsion. It is given by: 

r = [j,G], 

where G is the canonical spray. Such a nonlinear connection is called the canonical connec- 
tion, the Cartan nonlinear connection or the Barthel connection associated with (M,L). 

It can be proved [17] that the nonlinear connection associated with each of the four 
canonical linear connections coincide with the Barthel connection. 

We terminate this section by the following fact. Under an arbitrary change L — > L 
of Finsler structures on M, let the corresponding Cartan connections V and V be related 
by 

V X Y = V x Y + u(X,Y). 

If we denote 



A(X,Y):=u;{jX,Y), B(X, Y) := u(0X, Y), 

N{X):=B(X,rj), N :=N(rj), l " J 

then we have 

Proposition 1.6. [H] Under an arbitrary change L — > L of Finsler structures on M, 
the corresponding Barthel connections T and T are related by 

T = T — 2£, with L := 'yoNop. 

Moreover, we have h = h — L, v — v + L. 
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2. Conformal change of the fundamental regular con- 
nections and their curvature tensors 



In this section, we first review some concepts and results concerning the conformal 
changes of the Cartan and Berwald connections [2]. Then, using these results, the 
conformal changes of Chern and Hashiguchi connections, as well as their curvature tensors, 
are investigated. 

Definition 2.1. Let (M,L) and (M,L) be two Finsler manifolds. The two associated 
metrics g and g are said to be conformal if there exists a positive differentiable function 
o~(x) such that ]f(X,Y) = e 2a ^g(X, Y). Equivalently, g and g are conformal iff L = 
e 2o-(x) j n £fa s case ^ ^he transformation L — > L is said to be a conformal transformation 
and the two Finsler manifold (M, L) and (M, L) are said to be conformal or conformally 
related. 

Definition 2.2. Let (M,L) and (M,L) be two conformal Finsler manifolds with g = 

g2cr(a:) g 

(a) A geometric object W is said to be conformally invariant (resp. conformally a- 
invariant) ifW = W (resp. W = e 2a( - x ^W). 

(b) A property £ is said to be a conformal invariant property if whenever it is possessed 
by (M,L), it is also possessed by (M,L). 

Definition 2.3. The vertical gradient of a function f G $(TM), denoted grad v f , is the 
vertical vector field JX defined by 

df(Y) = g(JX, JF), for all Ye X(TM), 

where g is the metric on V(TM) defined in [1]. 

g(JY, JZ) = n(JY, Z), for all Y,Z e X(TM). 

Lemma 2.4. Let (M, L) and (M, L) be conformally related Finsler manifolds with g = 
e 2a ( x *>g. The associated Barthel connections Y and Y are related by 

f = r-2£, (2.1) 
where L := da ® C + o\J — djE <S> grad v a — EF = joNop, 

°~i '■= dec and F := [J, grad v o~]. 

Consequently, h = h — L, v = v + L or, equivalently, (3 = (3 — Lo(3, K = K + KoL. 

Concerning the conformal change of the Cartan and Berwald connections and their 
curvature tensors, we have the following two results [14] . 

Theorem 2.5. If (M,L) and (M, L) are conformally related Finsler manifolds, then the 
associated Cartan connections V and V are related by: 

V x Y = V x Y + u J (X,Y), 

where 

lo(X,Y) : = (hX ■ a(x))Y + {07 ■ a(x))pX - g(pX,Y)P 
— T(NY, pX)+T'{LX,(JY), 
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P being a rc-vector field defined by 

g(P,pZ) = hZ-a(x) 
and T' being a 2-form on TM, with values in 7r _1 (TM), defined by 

g(T'(LX, hY),pZ) = g(T(N P Z, P Y),pX). 

In particular, 

(a) V 7X F = V^Y, 

(b) V m Y = VfizY - V m Y + B(X, 7) . 
The associated curvature tensors are related by: 

(a) ' S{X,Y)Z = S{X,Y)Z. 

(b) ' P(X,Y)Z = P(X,Y)Z + V(X,Y)Z, 

(c) ' R(X, Y)Z = R(X, YjZ + H(X, Y)Z, 
where H and V are the it -tensor fields defined by 

V(X,Y)Z = (V l7 B)(X,Z) + B(T(Y,X), Z) - S(NX,Y)Z, 

H(X,Y)Z =S(NX,NY)Z -iX Tt7 {(V^B)(Y,Z) - (V L ^B)(Y,Z) 
+ P(X, NY)Z + B(X, B(Y, Z)) - B(T(NX, Y),Z)}; 
B being defined by and L by \2.1\) . 

Theorem 2.6. If (M, L) and (M, L) are conformally related Finsler manifolds, then the 
associated Berwald connections D° and D° are related by: 

D° x Y=D° x Y + uj (X,Y), 

where u°(X,Y) = K([yY, L]X) + D° Lx Y 

In particular, we have 

(a) D°^Y = D^Y 

(b) D° m Y = DfaY - D° (N0X0 Y + B°( X,0Y). 
The associated curvature tensors are related by: 
(a)' S°(X,Y)Z = S°(X,Y)Z = 0. 

(by R>(X,Y)Z = P°(X,Y)Z + (D° y B°)(X,Z). 

(c) ' R°{x,Y)z = R a (XY)^+^{(i^ NY Bj(Y,z) - (d; y b°)(y,z) 

+ P°(Y, NX)Z - B°(X, B°(Y, Z))}, 
where B°(0X,0Y) := u°(0X,Y). 

Now, we turn our attention to the Chern and Hashigauchi connections. 



Theorem 2.7. Let (M, L) and (M, L) be conformally related Finsler manifolds with g = 
e 2a i x )g. The associated Chern connections D c and D c are related by 

dc x Y=d c x Y + uj c (x,Y), (2.2) 

where 

u c (X, Y) :=(hX ■ a(x))Y + {07 ■ a{x))pX - g(pX, Y)P 
- T(NY, pX) + T'(LX, 07) - T(NpX,Y), 

In particular, we have 

(a) D^Y = D^Y 

(b) D? m 7 = DfaY - d< nY0 y + B%X,7), 
where B C {X,7) := u c {0X,7). 

Proof. Formula (12.21) follows from Theorem 1 1.2 1 Theorem 12.51 and Lemma l2~4l taking into 
account the fact that the (h)hv-torsion tensor T is conformally invariant |14j . 
In more details, 

fr x 7 = V X Y - f(KX, Y) 

= V X Y + lo(X, Y) - T(KX, Y) - T(KLX, Y) 
= D C X Y + u c (X,Y)- 

Relations (a) and (b) follow from ( 12. 2ft by setting X = 7X and X = 0X respectively. □ 

In view of the above theorem, we have 
Theorem 2.8. Under a Finsler conformal change 7j = e 2a( - x ^g, we have 

(a) &(X,7)Z = S C (X,Y)Z = 0, 

(b) ?(I 1 y)z = p c (I,7)I + (D; F B c )(I 1 I), 

(c) R?(X, Y)Z = R C (X^Y)Z + Ux^{(D^ N ^B^) (7, Z) - (D^B C )(7,Z) 

+ P C {Y, NX)Z - B C (X, B C (Y, Z))}. 

Theorem 2.9. Let (M, L) and {M, L) be conformally related Finsler manifolds with g = 
e 2a i x )g. The associated Hashiguchi connections D* and D* are related by 

D* X Y = D* X Y + uo*(X,Y), (2.3) 
where uj*(X,7) = (D* 0Y N)(pX) + NT(Y, pX). 
In particular, we have 

(a) D %X Y = d; x F 

(b) D* m Y = d; y Y - d: (NY0 y + B*(X, Y), 

where B*(X,Y) := u*{0X,Y). 



s 



Proof. Formula (12.31) follows from Theorem 11.31 and Theorem 12.5( b)'. 
In more details, 



D*xY = V x Y + P{pX,Y)7j 

= V X Y + B(pX, Y) + P(pX, Y)r) + V(pX, Y)rj 

= D* X Y + B(pX,Y) + W^ Y B(pX, V ) - B(V J0Y pX, 0rj) 

-B(pX,Y) + B(T( Y,pX),0 V ) 

= D* X Y+ (V 70 yiV)(pX) + NT(0Y,pX). 

= D* X Y + (D; 0Y N)(pX) + NT( Y, P X). 

= D* X Y + u*(X,Y). 

Relation (a) follows from (12.31) by setting X = ^X noting that po^ = 0, whereas relation 
(b) follows from the same formula by setting X = (3X, noting that j3 = j3 — ~L o (3. □ 

Theorem 2.10. Under a Finsler conformal change 7j = e 2a ^g, we have 

(a) S*(X,Y)Z = S*(X,Y)Z, 

(b) P* (X, Y)Z = P* (X, Y)Z - S* (NX, Y)Z + (D\ Y B* ) (X, Z) + B* (T(F , X),Z), 

(c) B7*(X 1 Y)Z = R*(X,Y)Z + S*(NX,NY)Z-U x - jY {P*(X,NY)Z+ (D*^B*)(Y,Z) 

- (D* Y B*)(Y,Z) + B*(X,B*(Y,Z)) - B*(T{NX,Y),Z)}. 



3. Conformal change of special Finsler spaces 

In this section, we establish an intrinsic investigation of the conformal change of 
the most imortant special Finsler spaces. Moreover, we obtain necessary and sufficient 
conditions for such special Finsler spaces to be conformally invariant. 

Throughout this section, g, g, V and D° denote respectively the Finsler metric on 
7r _1 (TM), the induced metric on ir^ 1 (T* M) , the Cartan connection and the Berwald con- 
nection associated with a Finsler manifold (M, L). Also, R, P and S denote respectively 
the h-, hv- and v-curvature tensors of Cartan connection, whereas R°, P° and S° denote 
respectively the h-, hv- and v-curvature tensors of Berwald connection. Finally, T denotes 
the (h)hv-torsion tensor of Cartan connection. 

We first set the intrinsic definitions of the special Finsler spaces that will be treated. 
These definitions are quoted from [TS], where we have made a systematic intrinsic study 
of special Finsler spaces. 

Definition 3.1. A Finsler manifold (M,L) is: 

(a) Riemannian if the metric tensor g(x,y) is independent of y or, equivalently, if 

T = 0. 
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(b) locally Minkowskian if the metric tensor g(x, y) is independent of x or, equivalently, 
*f 

V pl[ T = and R = 0. 
The above conditions are also equivalent to 

R = and P° = 0. 

Definition 3.2. A Finsler manifold (M, L) is said to be: 

(a) Berwald if the torsion tensor T is horizontally parallel. That is, 

V /3X T = 0. 

(b) C h -recurrent if the torsion tensor T satisfies the condition 

V /3X T = A D (X)T, 
where X D is a n-form of order one. 

(c) P* -Finsler manifold if the n -tensor field V/^T is expressed in the form 

VpfjT = X(x,y)T, 

where X(x, y) = ?(V/ g 2 C ' C) and C 2 := g(C, C) = C{C) ^ 0. 
Definition 3.3. A Finsler manifold (M, L) is said to be: 

(a) C v -recurrent if the torsion tensor T satisfies the condition 

V 7X T = X (X)T. 

(b) C° -recurrent if the torsion tensor T satisfies the condition 

d; y t = x (x)t. 

Definition 3.4. A Finsler manifold (M, L) is said to be: 

(a) semi-C -reducible if dim M > 3 and the Cartan tensor T has the form 

T(X,Y,Z) =^—{h(X,Y)C(Z) + h(Y, ~Z)C(X) + h(Z,X)C(Y)} 
n + 1 

+ ^C(X)C(Y)C(Z), 

where \i and r are scalar functions on TM satisfying \x + r = 1 . 

(b) C -reducible if dim M > 3 and the Cartan tensor T has the form 



t(x, y, z) = ——^{h{x, y)c(z) + nor, z)c(x) + h(z, x)c(y)}. 
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(c) C 2 -Uke if dim M > 2 and the Cartan tensor T has the form 

T(X,Y,Z) = ±C(X)C(Y)C(Z). 

Definition 3.5. A Finsler manifold (M,L), where dim M > 3, is said to be quasi-C- 
reducible if the Cartan tensor T is written as: 

T(X,Y,Z) = A(X,Y)C(Z) + A(Y, ~Z)C(X) + A(Z,X)C(Y), 

where A is a symmetric indicatory (2) n-form (A(X,rj) = for all X). 

Definition 3.6. A Finsler manifold (M, L) is said to be: 

(a) S^-like if dim M > 4 and the vertical curvature tensor S has the form: 

Q c v 

s(x, y, z, w) = ,_ 1) ,_ 2 A K(x, Z)h(Y, W) - h(X, W)H(Y, Z)}. 

(b) Si-like if dim M > 5 and the vertical curvature tensor S has the form: 

S(X,Y,Z,W) =h(X,Z)F(Y,W) - h(Y,Z)F(X,W) 

+ h(Y,W)F(X,Z) - h(X,W)F(Y,Z), 

l ,„ „ Sc v h , 

where F \Ric ; -\. 

Definition 3.7. A Finsler manifold (M, L) is said to be S v -recurrent if the v-curvature 
tensor S satisfies the condition 

(V^S)(Y,Z,W) = X(X)S(Y,Z)W, 

where X is a n-form of order one. 

Definition 3.8. A Finsler manifold (M, L) is said to be: 

(a) a Landsberg manifold if 

P = 0, or equivalently V/^T = 0. 

(b) a general Landsberg manifold if 

Tr{Y — > P(X,Y)} = Vie X(tt(M)), or equivalently C = 0. 

Definition 3.9. A Finsler manifold (M, L) is said to be P -symmetric if the mixed cur- 
vature tensor P satisfies 

P(X,Y)Z = P(Y,X)Z, VX,Y,ZeX(n(M)). 
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Definition 3.10. A Finsler manifold (M,L), where dimM > 3, is said to be P 2 -like if 
the mixed curvature tensor P has the form: 

P(X, Y, Z, W) = a(Z)T(X, Y, W) - a(W) T(X, Y, Z), 
where a is a (1) n-form, positively homogeneous of degree 0. 

Definition 3.11. A Finsler manifold (M, L), where dimM > 3, is said to be P-reducible 
if the n-tensor field P(X, Y, Z) := g(P(X, Y), Z) is expressed in the form: 



P(X, Y, Z) = 5(X)h(Y, Z) + 5(Y)h(Z, X) + 5(Z)h(X, Y), 
where S is the n-form defined by 6 = ^jV/^C. 

Definition 3.12. A Finsler manifold (M,L), where dimM > 3, is said to be h-isotropic 
if there exists a scalar k Q such that the horizontal curvature tensor R has the form 

R(X,Y)Z = k {g(X,Z)Y - g(Y,Z)X}. 

Definition 3.13. A Finsler manifold (M, L), where dimM > 3, is said to be: 

(a) of scalar curvature if there exists a scalar function k : TM — ► M. such that the 

horizontal curvature tensor R satisfies the relation 

R(rj,X,fj,Y) = kL 2 H(X,Y). 

(b) of constant curvature if the function k in (a) is constant. 

Definition 3.14. A Finsler manifold (M,L) is said to be R^-like if dimM > 4 and the 
horizontal curvature tensor R is expressed in the form 

R(X, Y, Z, W) =g(X, Z)F(Y, W) - g(Y, Z)F(X, W) 

+ g(Y,W)F(X,Z) - g(X,W)F(Y,Z), 

where F is the (2)7r-form defined by F = ^{Rtc 11 - 2§zfy}- 

Definition 3.15. A Finsler manifold (M,L) is called of perpendicular scalar (simply, 
p- scaler) curvature if the h- curvature tensor R satisfies the condition 

R((f>(X), cj)(Y), <j>{0Z),<f>{0W)) = R {h(X, 0Z)h(0Y, 0W) - h(X, 0W)h(0Y, Z)}, 

where R a is a function on TM, called perpendicular scaler curvature, and (p is the n '-tensor 
field defined by <j>(X) :=X- L" 1 £(X)0r/. 

Definition 3.16. A Finsler manifold (M,L) is called of s-ps curvature if (M,L) is both 
of scalar curvature and of p- scalar curvature. 

Definition 3.17. A Finsler manifold (M,L) is said to be symmetric if the h-curvature 
tensor R° of the Berwald connection D° is horizontally parallel: D°^R° = 0. 

Now, we focus our attention to the change of the above mentioned special Finsler 
manifolds under a conformal transformation g — > g = e 2a ^g. In what follows we 
assume that the Finsler manifolds (M, L) and (M, L) are conformally related. 
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Proposition 3.18. 

(a) (M, L) is a Riemaniann manifold if, and only if, (M, L) is a Riemaniann manifold. 

(b) Assume that D°^B° = and H(X, 0Y)0n = 0. Then, (M, L) is Locally Minkowskian 

if, and only if, (M, L) is Locally Minkowskian. 

Proof. 

(a) Follows from Definition 13.11 together with the fact that the (h)hv-torsion tensor T is 
conformally invariant. 

(b) By Theorem 12.5( c) 7 and Theorem 12.6( b) 7 . we get 

R(X, 0Y)0r) = R(X, 0Y)0n, and P°(X, 0Y)0Z = P°(X, 0Y)0Z. 

The result follows then from Definition 13.11 □ 

Let us introduce the 7r-tensor field 

A(X,Y,Z) := T(U((3X,Y),Z) + T(U((3X,Z),Y) - U(0X,T(Y,Z)), (3.3) 

where U(0X,¥) := B(X,Y) - V L/3Y F. 

One can show that the 7r-tensor field A has the property that A(X, Y,ff) = 0. 

Proposition 3.19. Assume that the tt -tensor field A vanishes. Then, (M, L) is a Berwald 
(resp. C h -recurrent) manifold if, and only if, (M, L) is a Berwald (resp. C h -recurrent) 
manifold. 

Proof. Using Theorem l2.5( b). taking into account the fact that T is conformally invariant, 
we get 



(V m T)(Y, Z) = V^T(y, Z) - T(VpxY, Z) - T(Y, V&Z) 

- {T{U{(3X,Y),Z) + T(Y,U(f3X,Z)) - U({3X,T(Y,Z))}. 

Consequently, _ _ 

( V m T) (Y,Z) = ( V^T) (Y, Z) — A(X, Y, Z). (3.4) 

Hence, under the given assumption, we have 

V^T = V^T. (3.5) 

Therefore, (M, L) is Berwald iff (M, L) is Berwald. 

On the other hand, if (M, L) is C h -recurrent, then the (h) hv -torsion tensor T has the 
property that V«^T = X (X)T, where A D is a 7r-form. 
Now, from (I3.5p . we obtain _ _ _ 

V m T = X (X)T. 

This implies that (M, L) is C^-recurrent. The converse can be proved similarly. □ 

Proposition 3.20. Assume that the ir-tensor field A has the property that i^A = 0. 
Then, (M, L) is a P*-Finsler manifold if, and only if, (M, L) is a P*-Finsler manifold. 
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Proof. From relation (13.41) . we have 

V/3 0r? T = V^T. 

Hence, the 7r-tensor field V^C is conformally invariant. This, together with the fact 
that C = C, imply that the scalar function X(x, y) defined by \(x, y) := ^^cc^ * s a ^ so 
conformally invariant. Hence the result. □ 

Proposition 3.21. A Finsler manifold (M,L) is C v -recurrent (resp. C ( ] -recurrent) if, 
and only if, (M,L) is C v -recurrent {resp. C° '-recurrent) . 

Proof. If (M,L) is C^-recurrent, then the (/i)/iv-torsion tensor T has the form V 7 ^T = 
X (X)T, where A D is a 7r-form. Since the map V 7 ^ : 0Y i — > V ^0Y and the torsion 
tensor T are conformally invariant, it follows that 

v 7X f = X (X)f. 

This implies that (M, L) is C^-recurrent. The converse is proved similarly. 

The same argument can be applied to the C°-recurrence property. □ 

Proposition 3.22. A Finsler manifold (M,L) is semi-C -reducible if, and only if, (M,L) 
is semi-C -reducible. Consequently, (M,L) is C-reducible (resp. C^-like) if, and only if, 
(M,L) is C-reducible (resp. C2-Uke). 

Proof. The semi-C-reducibility property is expressed as 

T(X,Y,Z) = -^-G Y ^ 0Z {h(X,Y)C(Z)} + ^C(X)C(Y)C(Z), 

where \x and r are scalar functions satisfying \i + r — 1 and the symbol &Y0Y0Z denotes 
cyclic sum over X, 0Y and 0Z . 

Since C 2 := f (C, C) = e- 2a g(C,C) = e~ 2a C 2 , f(X,Y,Z) = e 2cT ^T(X,Y,Z) and the 
angular metric tensor h~ is conformally a-invariant, the above relation is equivalent to 

f(X,Y,Z) = ^ii X0Y0Z {h(X,Y)C(Z)} + Z-C(X)C(Y)C(Z). 

Hence, the semi-C-reducibility property is preserved. 

Finally, the proof of the cases of C-reducibility and C2-likeness is similar. □ 

Proposition 3.23. A Finsler manifold (M, L) is quasi-C -reducible if, and only if, (M, L) 
is quasi-C -reducible. 

Theorem 3.24. A necessary and sufficient condition for a Finsler manifold to be con- 
formal to a Landsberg manifold is that 

Proof. We have [16] 

p — V/3 0I) r. 

From which, together with ( 13. 41) . we obtain 

P~P = V^T - V P0V T = - lT jA. (3.6) 
Hence, the result follows. □ 
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Let us define the 7r-tensor field 

Ao(X) := Tr{0Y .— > faA)(X,¥)}, (3.7) 
where A is the 7r-tensor field defined by (13. 3p . 
Proposition 3.25. 

(a) Assume that ijjA = 0. Then, (M, L) is Landsberg if, and only if, (M, L) is Landsberg. 

(b) Assume that A Q = 0. T/ien, (M,L) is general Landsberg if, and only if, (M,L) is 

general Landsberg. 

Proof. 

(a) Setting X = 0rj in (13.41) . we get 

V^T = V^T-^A, (3.8) 
from which, under the given assumption, V^T is conformally invariant. Hence the result. 

(b) Taking the trace of (I3.8p . we obtain 

V~^C = V m C - A Q . 

From which the result. □ 

Proposition 3.26. Assume that i^A = 0. Then, (M,L) is P-reducible if, and only if, 
(M, L) is P-reducible. 

Proof. Under a conformal change, the angular metric tensor h is conformally a-invariant. 
On the other hand, P is conformally invariant by our assumption together with (13.61 ). 
Consequently, V^T is conformally invariant, which implies that V/3 0r? C (or 5 of Definition 
13.111) is also conformally invariant. 

Now, since P(X ,0Y,0Z) = g(P(X,0Y),0Z) is conformally cr-invariant, then, the 
tensor field 

UiQC^Y^Z) := g(P(X,0Y),0Z) - & %0Y>0Z {S{X)h(Y ,Z)} 
is conformally cr-invariant. From which, the result follows (provided that a^O). □ 

Proposition 3.27. (M, L) is S^-like (resp. S^-like) if, and only if, (M, L) is S^-like (resp. 
S^-like). 

Proof. Let U be the 7r-tensor field defined by 

Q c v 

V(X, Y, Z, W) := S(X, Y, Z, W) - — -{H(X, Z)h(Y, W) - H(X, W)H(Y, Z)}. 

(n — l)[n — 2) 

Under a conformal transformation, the 7r-tensor field Sc v h is conformally invariant and 
S(X,Y,Z,W) = e 2 ^ x) S{X J Y,~Z,W) [H]. Hence, 

U(X, Y, Z. W) = e Mx) V(X, Y, Z, W) . (3.9) 
This means that the 7r-tensor field U is conformally cr-invariant. 
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On the other hand, let V be the 7r-tensor field defined by 

Y(X,Y,Z,W) := S(X,Y,Z,W) - h(Z,X)F(W,Y) + H(Z,Y)F(W,X) 
-h(W,Y)F(Z,X) + K(W,X)F(Z,Y). 

Since both the angular metric tensor h and the ^-curvature tensor S are conformally 

• c v h(X,Y 
2(n-2) 



cr-invariant and F(X,Y) := —^{Ric v (X, Y) — S g( -S j is conformally invariant, we 



conclude that 

Y(X,Y,Z,W) = e Mx) Y(X,Y,Z,W), (3.10) 

which means that the 7r-tensor field V is conformally cr-invariant. The result follows from 
(|53)» and fl3TT0|) . □ 

Proposition 3.28. (M,L) is S v -recurrent if, and only if, (M,L) is S v -recurrent. 

Proof. Follows from the fact that both the map V 7 ^ : 0Y i — > V 7 ^ 0Y and the f-curvature 
tensor S are conformally invariant. □ 

Proposition 3.29. Assume that the it -tensor field H defined in Theorem \2.5\ has the 

property that H(rj, X)rj = for all X e X(ir(M)). Then, (M, L) is of scalar curvature if, 
and only if, (M, L) is of scalar curvature. 

Proof. By Theorem 12.51 (c) 7 . we have 

R(rj,X,rj,Y) = e 2 ^ R(rj,X,rj,Y) + e 2 ^ g(H(rj,X)rj,Y), 

which implies, by hypothesis, that 

R(fj,X,fj,Y) = e 2 ^R(rj,X,rj,Y). (3.11) 

Now, let (M, L) be of scalar curvature, then the /i-curvature tensor R has the form 

R(rj,X,rj,Y) = kL 2 h(X,Y). 

This, together with (I3.1ip . imply that 

R(rJ,X,rJ,Y) = e 2a{x) kL 2 h(X,Y) = e~ 2<j{x) kL 2 h{X ,Y) , 
where we have used the fact that both L 2 and h are conformally cr-invariant. Hence 

R(rj,X,rj,Y) = k L 2 h(X,Y), 
where k Q = e~ 2a ^k. □ 

Proposition 3.30. Assume that the given conformal change is homothetic. Then, we 
have 

(a) (M,L) is P 2 -like if, and only if, (M,L) is P 2 -like . 

(b) (M, L) is h-isotropic if, and only if, (M, L) is h-isotropic . 

(c) (M, L) is of constant curvature if, and only if, (M, L) is of constant curvature. 

(d) (M,L) is of p- scalar curvature if, and only if, (M,L) is of p-scaler curvature. 

16 



(e) (M, L) is of s-ps- curvature if, and only if, (M,L) is of s-ps-curvature. 

(f ) (M, L) is R^-like if, and only if, (M, L) is R^-like. 

(g) (M, L) is symmetric if, and only if, (M, L) is symmetric. 

(h) (M, L) is P -symmetric if, and only if, (M, L) is P -symmetric. 

Proof. The proof follows from the fact that: 

a(x) is constant <^=> V x 0Y = V x 0^ EH] □ 



Summing up, the results of this section can be gathered in the following 

Theorem 3.31. The following properties are conformally invariant: 

- being Riemannian, - being semi-C -reducible, 

- being C-reducible, - being C^-like, 

- being quasi-C -reducible, - being C v -recurrent, 

- being C° '-recurrent, - being S v -recurrent, 

- being S^-like, - being Si-like. 

The following properties are conformally invariant under certain conditions : 

- being locally Minkowskian, - being Berwald, 

- being C h -recurrent, - being P* -manifold, 

- being Landsberg, - being general Landsberg, 

- being P-symmetric, - being P^-like, 

- being P-reducible, - being h-isotropic, 

- being of scalar curvature, - being of constant curvature, 

- being R 3 -like, - being of p- scaler curvature, 

- being of s-ps curvature, - being symmetric. 



Remark 3.32. It should be noted that some important results of [6], [8], [9] [obtained in 
local coordinates) are retrieved from the above mentioned global results [when localized). 
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